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A Mathematics Formulary Study Guide (SG) ~ Notes ~ 1

These notes are written in support of the various worksheets which follow, providing
an overview of what is available and some suggestions as to how they might be
used.

Familiarisation (SG ~ 1)

In order to derive the greatest benefit from any work of reference the user needs to have some
familiarity with it. The sole purpose of this sheet isto provide that familiarity. Thework involvedis
mainly amatter of finding the page, and then copying out the specific piece of information asked for.
Some help is provided in the earlier questions by highlighting the words which need to be found in
the Contents List to locate the correct page. After working through this sheet, any user should have
avery good idea of what the book contains and where (or how) it is to be found.

Conversions (SG ~ 2)

Currently we live in a world that is in the course of changing from a mixture of widely-varying
systems of units to one universal coherent system (the SI System or, le Systéme International
d'Unités, asit isknown in full) and that means we have to be able to change measures given in one
sort of unitsinto their equivalent values using another sort of units. The book contains much of the
necessary information needed to do that, and this sheet provides some practice in finding and using
theinformation.

Tests A and B see later note for details on all tests

The ability to be able to use a formula is an important practical skill in many
professions, and the following sheets are intended to help develop that skill by
beginning with some explanation of what is happening, and then by using examples
from the book.
All the sheets have work to be done. This is in two forms:
» CheckOuts where users can make sure they have understood the preceding
explanation. Answers are given in a random order at the foot of the sheet.

» Exercises where answers are not immediately available. But, as an additional
check on correctness of working, in the early stages (Exercises 4 to 7) all
answers are exact. A calculator answer with a full display of digits after a
decimal point must be wrong.

Order (SG ~ 3)

Thisisanintroduction to theideathat, just asin ordinary language we have a need for agrammatical
structure, so also in mathematics we must have some rules so that any mathematical statement
(such asaformula) will mean the same thing to all who read or useit. This sheet uses numbers only
(no lettersyet) toillustrate how the order in which operations are done can produce different answers.
Some rules are given, including the first concerning the idea of precedence of some operations over
others. Thislatter ideaisthe dominant thread in all that follows.

(A demonstration that simple left to right working is not possible in all cases has not

been offered, but alook at something like Example 6 should convey some idea of the

problem.)

Brackets (SG ~ 4)

These are not operators, but signs that show how one group of things must be treated before others.
That is, they have the highest precedence throughout this work, and the need to see (and deal with)
that is of paramount importance.

© Frank Tapson 2004 [trolMF:2]



A Mathematics Formulary Study Guide (SG) ~ Notes ~ 2

Lines (SG ~ 5)

These make their appearance in three different ways and each with a different meaning. Their
kinship with brackets is made clear.

Tests C and D see later note for details on all tests

Calculators

Whilst it is expected that calculators will be used throughout this work, considerable
care needs to be taken. A basic 4-function model means that all the rules will have to
be followed. However, a more sophisticated model (where brackets can be inserted)
will deal with some of the exercises just by keying them in as they are written. The
square-root key always calls for some care in its use. Understanding of, and familiarity
with, one particular model, supported by regular practice, is the best way forward.

From here on, while the explanations can be followed, the Exercises
cannot be done without access to the book A Mathematics Formulary.

Letters (SG ~ 6)

How letters are used to represent numbers.

No unitsare used or mentioned at this stage. Thefocusissolely on finding and using formulaswhich
require the explanations and rules given so far. After finding the correct shapeit is necessary to pick
the correct formula, when several are on offer, making sure it contains the letters given in the
guestion.

Exercise 7A requires Ttto be used. Now, most of the answers do not work out exactly. No accuracy
has been specified for the answers. It isleft for the teacher to indicate what should be done. On the
linesof "3 or 4 decimal places" or "3 or 4 significant figures" or "use your own judgement"” or "same
number of significant figures as the largest value in the given data’ or ...

Contractions (SG ~ 7)

The disappearing multiplication sign.

All remarksfrom the previous paragraph still apply. It is reasonabl e to assume that users at thislevel
will have met indices before, and the one-line reference to them is merely a reminder to show how
they fit into the idea of a contraction. Only positive integer indices are used and they are the ones
most commonly met with in working with formulas. Fractional and negative indices come much
later.

Just how solutions are to be written out will need some thought by, and direction from, the teacher.
Itiseasier tofind mistakesif something like the format of Example 8 isfollowed (especially in early
work) but everyone soon develops their own shortcuts.

For many, it will be necessary to record intermediate val ues anyway as using the cal culator becomes
increasingly demanding.

After gaining somefamiliarity with theideas on thissheet it isinstructiveto look at the various styles
used in the Formulary to see where simplifications have been made and where they haven't, and
how, certainly in the earlier pages, formulas have been made as explicit as possible.

Summary (SG ~ 8)

A one-sheet summary (of sheets SG ~ 3 to SG ~ 7) of the rules and conventions governing the use
of formulas, with a few additional notes and reminders. But now they are placed in their order of
priority rather than the order in which they were encountered in sheets SG 3 to 7 — which was a
teaching order. It was that final order which gave rise to the famous BODMAS which can raise
more questions than it answers.

Here the equivalent would be the unpronounceable BLCM. If it isto be made memorableit needs a
mnemonic in the form of a sentence. Try “Best Look Cool Man!” or invent your own.
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A Mathematics Formulary Study Guide (SG) ~ Notes ~ 3

Summary (SG ~ 8)

A one-sheet summary (of sheets SG ~ 3 to SG ~ 7) of the rules and conventions governing the use
of formulas, with a few additional notes and reminders. But now they are placed in their order of
priority rather than the order in which they were encountered in sheets SG 3 to 7 — which was a
teaching order. It was that final order which gave rise to the famous BODMAS which can raise
more questions than it answers.

Here the equivalent would be the unpronounceable BLCM. If it isto be made memorableit needs a
mnemonic in the form of a sentence. Try “Best Look Cool Man!” or invent your own.

Formulas for Mensuration (SG ~ 9)

Using the principles covered on the previous pages in the context of problems.

Units are introduced, as well as the need to match words to the letters used in the formulas.
Making sure the units of the answer match what is being found might need reinforcement. For
example, if the lengths are given and a volume is being found, then the answer must be in a cubic
version of the units of length: cm must lead to cubic cm (cu.cm or cm? as preferred).

In Example 9, the reference to the given formula having a slightly shorter form (in fact, it isthe one
most likely to be found in general use) could be a very good starting point for a discussion on how
many of the given formulas have a shorter form, and even why they have been made so explicit.
In Exercise 9 thelast two, (j) and (k), might be alittle more difficult. The former involves a change
of units, the latter a cube root.

Further exercises on mensuration can be found from the TRoL menu under Exercises and Practice,
but they will need looking at carefully, bearing in mind they were all produced for adifferent purpose.
Calculator Exercises offers much that would be suitable. Sheets 2 to 7, 10 and 11, are the best.
Mensuration has work on the square, circle, sector, cube, cylinder, and sphere.

A scientific calculator will be required, in many places, to get trigonometric ratios.

Formulas for Trigonometry (SG ~ 10)

This involves only two pages of A Mathematics Formulary:

Exercise 10. The questions offered cover the six different types of problem usually associated
with theright-angled triangle. It isassumed that anyone doing thiswork will be familiar with finding
an angle from a trigonometric ratio and vice-versa. The real purpose of having such a table (of
formulas) isto help those who are often uncertain about which formulato use. It is all too common
to see pupils who can write out the basic formula (from SOHCAHTOA), but then re-order it incorrectly
when trying evaluate the component asked for.

Exercise 11. Much the harder one. Qn.1 is structured to give help in finding the correct formulas
and and also in gaining amore detailed idea of what is on the page and whereit isto befound. Qn.12
is the ambiguous case.

Further suitable exercises can be found from the TRoL menu under Exercises and Practice, but
they will need looking at carefully, bearing in mind they were all produced for a different purpose.

Trigonometry is an obvious placeto look. Sheets 6, 7, 15, 21, 27, 28, 31 to 37, are probably the best.
Calculator exercises is a less obvious place to ook but also contains a wide range of problems.

Formulas for Poly-shapes (SG ~ 11)

Here the required formula is not immediately on offer, but has to be assembled by using the data
provided inthetable.

These are often needed when working with polygons and polyhedrons. For instance, finding the
radius of the circumcirclethat hasto be drawnin order to construct a polygon with a specific length
of edge. The more difficult task of constructing a polygon (or polyhedron) with a specific area (or
volume) has not been asked as it requires the ability to manipulate a formula. However, if it is
suitable, then it is easy to make up afew questions on that theme.

In Exercise 12 the last four questions are not quite so straight-forward as the others.
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A Mathematics Formulary Study Guide (SG) ~ Notes ~ 4

Tests E and F see later note for details on all tests

Formulas for Professionals (SG ~ 12)

Note that sheet SG~12A is needed to do the work given here.
Thisisintended to give some idea of the variety of formulas available to, and used by, those doing
many different types of work.

Formula Cross Puzzle (SG ~ 13)

Further practicein adifferent form. While much of the puzzle can be done without it, the Mathematics
Formulary would be a great help for most pupils.

Tests

The tests, and their answers, are contained in the Answers document (see later note).

All the tests exist in two parallel versions. This allows them to be used in a conventional classroom
situation where those taking the test are sitting side by side. If each isdoing adifferent (but parallel)
test simple copying is not possible, and almost any other form of cheating should be easily observed.
Tests A, B cover the work on sheets SG1 and 2.

Tests C, D cover the work on sheets SG3, 4, and 5. Only in these tests is the Formulary not
needed.

Also, the use of a scientific calculator makes these tests very easy. As a check on working, ALL
the questions have exact answers though thisis only really of help in the last section.

Tests E, F cover the work on sheets SG9, 10, and 11.

It is not anticipated that all the tests would be done and in some circumstances instructions on
guestionsto be left out might well be given.

The foregoing work is concerned with the practical (utilitarian) use of mathematics.
That which follows deals with the most basic ingredient, the numbers needed to
enable mathematics to be explored and their many relationships. This is the beginnings
of the topic sometimes referred to as The Higher Arithmetic or, more formally, Number
Theory.

The work is presented in as informal manner as possible, merely looking at the
numbers, observing and conjecturing without any proving.

There is an answer section for this work also together with some hints that might
help in looking for relationships that are not obvious and, where suitable, suggestions
are given for extending some of this work.
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A Mathematics Formulary Study Guide (SG) ~ Notes ~ 5

Prime Numbers (SG ~ 14)
The building blocks.

Fibonacci Numbers (SG ~ 15)

How one of the simplest sequences to derive provides unexpected uses and relationships.

The Power of 2 (SG ~ 16)

An important sequence of growth that never fails to fascinate. How does it get to be so big?

The beginnings of logarithms.

A more general account of this can be found in the TRoL menu under Miscellaneous Papers.

It isintended that solutions are sought by noting the relevant rel ationships and using the tables for 2"
inthe Formulary rather than engaging in any long (and boring) calculations.

Powers of N (SG ~ 17)

L ooking at some of the identifying characteristics of numbers.

Factors (SG ~ 18)

Anintroduction to one of the topics of mathematics that continuesto be a continual fascination and,
as yet, an unsolvable problem — the factorisation of nhumbers.

More about formulas
Some additional thoughts and ideas about formulas can be found on the TRoL site under the heading
Miscellaneous Papers where two relevant papers are listed:
BODMAS
&
A Formula Miscellany

Answers
can be found at
www.ex.ac.uk/trol/
=> A Mathematics Formulary
=> Answers

A password is needed to access the file, and this password is supplied to all those
purchasing a copy of the Formulary.

As well as direct answers to most of the questions, there are also some suggestions for
further work and Test Papers (with answers).
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SG~1
Familiarisation

The answers to all of these questions can be found by looking at the appropriate pages in
the Mathematics Formulary.

Each question contains a mention of the heading under which the information is to be
found and it is that heading which will need to be looked for in the List of Contents so as to
locate the number of the correct page. As a help, in the earlier questions, the heading that
is needed has been printed in bold.

What doesthe symbol %o, mean?

Copy theformulafor finding the areaof atrapezium.

Give another namefor ator us.

What isthe particular namefor apolyhedr on having 20 faces?

Find the Fibonacci Number F,,

In the English alphabet the symbol Z iscalled 'zed' and isthe 26th | etter.
What isitsname and positioninthe Greek Alphabet?

7. What isthe'mol€’ used to measureinthe SI System of Units?

o g A~ w DN PR

Find another namefor asegment of asphere.
9. Givethevalueof factorial 12.
10. Writedownthefirsttermintheseriesfor sinx
11. Inworkingwith aformulafor sectors (of acircle), what does| stand for?
12. GivetheA-factor for aregular polygon having 5 edges.
13. What isanother name for thenumbersgiveninthe"C table?
14. What conversionfactor should be used to change poundsinto kilograms?
15. How many faces doesa parallelepiped have?
16. What isthe meaning of the abbreviation RMS?
17. Find another expression for the term 'percentage profit'.
18. Writeout the primefactorsof 282.
19. Givetheexact value of, and the abbreviation for, the prefix known as'kibi'.
20. IntheUS System of Measurement, what isthe exact size, inlitres, of agallon?
21. Amongtheformulasfor cylinders, what doesthe symbol T represent?
22. Whatis1 radian, in degrees, to 9 decimal places?
23. Intemperatures, what isabsolute zero on the Fahrenheit scale?
24. Find 2%
25. How many escribed circlesdoesageneral triangle have?
26. Onthe'standard’ compass how many directions are named without using quarter-points?
27. What isthe 21st prime number?
28. Findthe 5th power of N when N = 45
29. Intrigonometry, in which quadrant (other than thefirst) isthetangent positive?
30. Givethefull nameof, and symbol for, the correlation coefficient in statistics.
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SG~2
Conversions
It is often necessary to be able to change units of measurement in one system into
those in another (like feet into inches). Of course it can only be done for units of the same
type (such as length in the previous example). We cannot change units of length into units
of volume (like feet into gallons!). There are various ways in which possible changes can
be done and the following sections show how The Formulary can help in some cases.

In each section an example of the conversion is given, followed by a CheckOut for
self-testing. The answers to the CheckOuts are given at the bottom but not in the same
order as the questions are presented. Answers to the exercises are not given here.

Common M easur es (page 41)
On this page can befound aset of conversion factorswhich allow some of the more commonly used unitsto
be changed from one system to another.
Example 1: Given an area of 14 hectares which is needed to be known in acres, it can be seen that the
conversion factor isx 2.471 and we can work out that

14 hectaresisthe samesizeas (14 x 2.471 =) 34.594 acres.

CheckOut 1 Trythefollowingconversons.

4 feetintometres 17 acrestohectares 7 milestokilometres 132 gramsto ounces
Exercise 1: Do each of thefollowing conversions.
(a) 6inchesto centimetres (b) 3 poundsto kilograms (c) 750 hectaresto square miles
(d) 100 metresto yards (e) 10 galons(UK)tolitres (f) 10 galons(US) to galons(UK)
Temperatures(page 42)

Onthispageisadual scale, showing both Celsius (°C) and Fahrenheit (°F) temperatures. Thiscan be used to
convert temperatures between these two systems with sufficient accuracy for most purposes. Note carefully
how the scales are graduated. The°C scaleisdivided into 2'sand the°F scaleinto 5's.

Example 2: Convert 160 °F into °C. We can see that 160°F corresponds approximately to 71°C.

CheckOut 2 Read off each of thesetemperature on the'other'scale.
140°F 10°C 75°F 74°C

Exercise 2. Convert these temperaturesin °F or °C into °C or °F as appropriate.
(a) 100°F (b) 46°C (c) 55°% (d) 96°C
(e) 70°F (f) 22°C (9) 10°%F (h) -2°C

M easures of Angle (page 11)

Thispage also containsadual scale, butitisnow circular rather than linear and shows how angles measured

in either degreesor radians correspond. The graduations on the two scales are considerably different. Onthe

outer scale marks are 2 degrees apart, whilethe divisions on theinner scalerepresent 0.05 radians.

Example 3: Change 152° into radians. We seethat 152° on the outer scale closely matches2.65 on theinner.
So152°[2.65rad ([Imeans'isapproximately equivalent to’)

CheckOut 3 Changetheseanglesindegrees(or radians) into radians (or degrees).

86° 4.8rad 195° 3.7rad 43° 4.05rad
Exercise 3: Convert each of thefollowing angles as appropriate.
(a) 252° (b) 189° (c) 60° (d) 134°
(e) 0.4rad f 1.1rad (g) 3.35rad (h) 5.58rad
Answers

CheckOut 1: 11.263 1.2192 4.656 6.8799

CheckOut 2: 50 165 60 24

CheckOut 3: 212 275 232 15 0.75 3.4
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SG~3
ORDER
Whenworking out 2 +7 -3+ 1, say, theanswer we get depends upon the order inwhichwedo
thedifferent operations + and —
To seethat we shal work it out using two different methods (or orders of working).

Method 1 (lefttoright) 2 + 7 =3 + 1 Method 2 (righttoleft) 2 + 7 -3 + 1

Firsdo 2 + 7 toget 9 -3+1 Firssdo 3 +1 toget 2+7—- 4
Nextdo 9 — 3 toget 6 +1 Nextdo 7 — 4 toget 2 + 3
Fndly 6 + 1 toget =7 Fndly 2 + 3 toget =5

We havetwo different answers, clearly an undesirable and unacceptable state of affairs.
Thisleadstothefirstrule

WORK FROM LEFT TO RIGHT UNLESS TOLD OTHERWISE
Thecorrect answer is7
Themeaning of 'told otherwise will become clear | ater, aswe meet other rules.

Thatwasusingonly + and — sonow webringin x (multiplication).
For thisweshall work out 2 +7 x3—1 using four different methods.

Method 3 (+ x -) 2+7x3-1 Method 4 (+ — %) 2+7x3-1

Firstdo 2 + 7 toget 9 x3-1 Firsstdo 2 + 7 toget 9 x3-1
Nextdo 9 x 3 toget 27 -1 Nextdo 3 — 1 toget 9 x 2

Fndly 27-1 toget = 26 Fndly 9 x 2 toget =18
Method 5 (— x +) 2+7x3-1 Method 6 (x +-) 2+7x3-1
Firssdo 3 -1 toget 2 +7 x 2 Firssdo 7 x 3 toget 2+ 21 -1
Nextdo 7 x 2 toget 2 + 14 Nextdo 2 +21 toget 23 -1
Fndly 2 +14 toget = 16 Fndly 23- 1 toget = 22

This time we have four different answers.

It might seem that the simple way to resolve this would be to always work from left to right,

but that is not possible with our present mathematical notation, and we have another rule.
MULTIPLICATION MUST BE DONE BEFORE ADDITION AND SUBTRACTION

So Method 6 is the correct way and the final answer is 22

Thisis an instance of where we are 'told otherwise'.

Notice that after the x was done, the remaining + and — must be done from left to right.

Example 4: Evaluate 4.8 — 2.1 + 6.5x 1.3
The x isa'told otherwise' sowedothat first: 6.5x1.3=8.45
Thisgives4.8 — 2.1 + 8.45 (whichwework left toright) toget 11.15

CheckOut 4 Evduatethefollowing:
58+1.7-23+4.75
15.6 —2.18 x4.75

21+13%x6.5-4.8
27.8+3.4-26%9

Exercise4: Evaluate each of thefollowing:

(@) 2.38+7.3x1.6—8.4
(c) 6.8x3.7-15.6 +3.94
(€) 5.6—2.94 +1.05 x 4.47

(b) 5.4-5.4%x0.7
(d) 481x26-1.7x3.6
(f) 2.39+1.7x2.8%x3.4

Answers CheckOut 4: 7.8 9.95

5.75 5.245
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SG~14
BRACKETS
After establishing the previoustwo ruleswe pauseto wonder if we ever need to make an exception.
Forinstancein 2 +7 x 3 theremight beareason for wanting the 2 + 7 to be donefirst rather than
the 7 x 3 whichthe previousrulesdemand.
Infact it doeshappen and, so that our intentions can be made clear, we use
brackets.
Thesearealwaysusedin pairsand comein various shapes. Thedifferent varietieswith their most
commonly used descriptorsare

0 [] {} <>
brackets sguare brackets curly brackets anglebrackets
or braces

Themost usual are (brackets), therest have other more specialised uses.
Thefirst oneof the pair isknown asthe opening bracket, and the second asthe closing bracket.
Now we need another ruleto make our purposeclear.

CONTENTS OF BRACKETS MUST BE WORKED OUT FIRST
So, using theexampleat thetop, if instead of 2 +7 x3 wewrite (2+7) x3
thenweget 9x3=27. Without the bracketsitis2 +21 =23

Example 5: Evaluate 9.6 + (3.2 — 1.5) x4.1
First we must evaluate (3.2 — 1.5) whichmakesitread 9.6 + 1.7 x4.1
Theorder isthen x followed by + to get 16.57
Without the bracketsit would have been 5.72

CheckOut 5 Evduaethefollowing:

58+ (3.2-1.7)+4.75 (2.1+1.3)x6.5-4.8

2.18 x (21.8 —15.6) (9.6 +2.18) % (6.5—4.7)
Exercise 5: Evaluate each of thefollowing

(@) (2.38+7.3)x1.6-8.4 (b) 15.4-1.6 x (2.7 +1.8)

(c) 6.8 x(15.6—3.7) +3.94 (d) 4.81 x3.6—(1.7 +3.6)

(€) (5.6 —2.94 +1.05) x 4.47 (f) 2.39+1.7)x2.8-3.4

Exercise 5A: Evaluate:

(@) 47+25%x1.9-56 (b) 65-1.3+4.1x25
(©) (3.8+5.3)-17%29 (d) (7.4-2.5) % (1.2 +3.8)
(6) 17.4-2.4+3.8+5.12 (f) 17.4—(2.4+3.8)+5.12
(0) 3%(8.2-4.7)—7.09 (h) 2.6 +9.37 -1.65 x 3.1
() 143+22x1.06x5.8 (K) 7.3x1.51+4.6%2.8

Answers  CheckOut 5: 17.3 21.204 12.05 13.516
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SG~5
LINES
Therearethreedifferent typesof lineto beawareof inthiswork andthey all do somethingsimilarin
theway that they group thingstogether, rather like brackets.

Thefirgt typeisshownin 27 022 and indicatesafraction. It meansthat the groupsonthetop and the

bottom must be evaluated separately first, and then thetop valueisdivided by the bottom value.
Thisisthesameas(7 +5) + (20 x 3)

Thesecond typeisshownin 1074 and meansthefirst value must bedivided by the second value, so
itisthesameas10+4oras(10+4)

Note that if this second type of line (called a solidus) is used in the

previous expression, it would need to be put in the form (7 + 5)/(20 x 3)

and NOT 7 + 5720 x 3 which is something much different.

Thethird typeisshownin 7 +2x9 andisan old way of grouping thingstogether. Itisthe sameas
using bracketsand today wewould write (7 + 2 x 9). However, thisline (called avinculum) still hasone
very particular useintoday's mathematicswhereit isused toindicate that theroot of an expression
hasto befound, without using bracketsto makeit clear.

Wecould write/(7 + 2 x 9) but prefer / 7+ 2x9 whichisusually written /7 +2x9

Evauationof ./ 7+2x9 produces,/25 whichis5
Thisleadsto the observationthat LINES NEED TO BE TREATED LIKE BRACKETS
Example6: Evaluate \[285-3.7x42 — 1.7 + 13.92/16 x 38 - 24x10.15

1.6+1.9
After evaluating each of thethree groups containing alinewe have
3.6 - 17 + 8.7 x 3.8 - 15.66

Thenthe multiplication, followed by working left toright gives 19.3

CheckOut 6 Evduae

24.3-18.72/7.8 {35.72-3.1x2.8
13.94+16.51 8.8%6.2
746+ 255055 8 134+207 >89

Exercise 6;: Evaluate;

(@) J337+27%41 (b) 15.7 - 33254

(C) 11.6 +12.04/4.3%5.9 (d) 32131 . V1517 +5.08
_30-8.108 873.925 +181.883 37.8%9.61

(€) 479+ 5 1g+458 (f) 208%3.6  ~ \10.06-5.86

Exercise 6A: Evaluate:
(@ 71.1+143x16.2 — 5.6 (b) (7.2-4.8) x [2.1x(12.5+6.4)
22.13+17.6 84.76 +90.68
(c) (6.78+13.12) x S55=77¢6 (d) \/—51_7_38_8 +19.527/2.3
(€) (21.3+11.8)%(21.3-11.8) +24.11 (f) (8.03+5.621)/8.03+5.621

Answers  CheckOut 6: 5.2 2.7 9.96 21.9
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SG~6
LETTERS
So far we have only looked at work in which the numbers were aready in place. However, thisis of
very limited use when a more general statement needs to be made which can be applied to a whole
range of numbers, and thisis most easily seen in the case of formulas.
Consider these instructions on how to find the length of the perimeter (P) of an oblong, when the
lengths of its two different edges a and b are known. The formulais
P=2x(a+h)
From that, whenever we are given valuesfor a and b wecanfind P
Sowhen a=3.4 and b=2.75 we can write
P=2x(3.4+2.75)
The rules we have met previously say that what is in the brackets must be worked out before doing
themultiplication. Thisleadsto:
P=2x6.15 = 12.3

The references and examples of formulas which follow
are all to be found on the relevant pages of the Formulary.

Example 7: For atrapezium, find A when a=74 b=98 p=25
Looking under trapeziumweseethat A= px(a+b)+2
Re-writing thiswith theknown va uesin place of thelettersgives
A= 25x%x(74 + 98)+2
(Treating bracketsfirst)

=25x 172 +2
(Workinglefttoright)
= 43 +2 andso A= 215
CheckOut 7
Forasquare: (i) find e when P=13.8 (ii) find P when A=5.29

Foranoblong: (i) find P when a=5.7 b=2.4 (ii)findawhen P=93 b=1.87

Exercise 7
(@) Forasquare: find P when e=7.6
(b) For anaoblong: find a when A=9.43 b=23
(c) Foraparalelogram: find A when p=54 e=37
(d) Foratriangle: find A when b=46 p=39
(e) Forasquare: find d when A=5.78
() Forandlipse: find d when a=64 e=0.38

(g) For afrustum of apyramid: find V when A=8 B=2 h=36

Where needed the value used for 71 may be 3.14 or that of the 7rkey on the calculator.

Exercise 7A
(@) Foracircle: find d when C=17.3
(b) Foracircle: find C when A=115
(c) Foracylinder: find C when V=15.04 r =47
(d) Foracylinder: find T whenr=26 h=85
(e) Foracone: find r when V=45 h=73
(f) For acone: find swhenr=34 |=8.16
(g) Forapyramid: find b when V=767 h=94
(h) For asphere: find C when A=25.3

() For asector of acircle: find r when A=17.604 |=3.26

Answers CheckOut 7: 16.2 9.2 3.45 2.78
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SG~7
CONTRACTIONS
Itisstrange that one of the most used operationsin formulasis multiplication and yet the x signisrarely
seen. The reason for this is because the use of letters to represent numbers allows a contraction to be
made that is not possible with numbers alone.
Consider acasewherea=3.1 b=2.64 P=17.8 Q=51.95 andall havetobemultiplied together.
It could bewrittenas ax b x P x Q whichisclear enough, but it isusual to omit the x signsand simply
write abPQ only putting the signs back when needing to use the numbers;
3.1x2.64x%17.8%51.95
(Imaginethedifficulty of working out what 3.12.6417.851.95 meant!)
Here we will refer to thisidea of leaving out x signs as a contraction.
Ancther contractionisusing a? tomean axa and d® tomean dxdx d and so on.
Then we can see that something like 4a?brs®V isacontractionfor 4 xaxaxbxrxsxsxsxV
Yet another contraction iswhen aletter or letters or a number iswritten next to a bracket like:
a(x +vy) rzh(l —r) 8(m+n) (a+b)x-y)
meaning
ax(x+y) rxrxhx(l—r) 8 x (m+n) (a+b)x(x-y)

S0 we see MULTIPLICATIONS HIDDEN IN CONTRACTIONS MUST BE IDENTIFIED

Example 8: For asegment of asphere, find V when d=94 h=17
L ooking under segment of asphereweseethat V = mh?(3d—-2h) +6
meaning V=mxhxhx(3xd-2xh)+6
puttinginthevalues: V=mx1.7%x1.7x(3%X94-2%17)+6
(Dealing with the first two x signs and the two inside the brackets)
=9.079 % (28.2—-3.4)+ 6
(Evaluating what isinside the brackets)
=90.079x248+6
(Working left toright)
V =37.53

CheckOut 8
For afrustumof acone: (i) find C when D=6.9 d=35 |=8.4

(i) find V when D=69 d=35 h=103

Exercise 8

(@) Forazoneof asphere: find A when d=4.7 h=1.2

(b) Foratorus: find Swhen D=184 d=235

(c) Forabarrel: findVwhen D=17 d=14 h=23
(d) Forasectorof acircle: find s> when | =21.3 r =146

(e) Foracuboid: find Swhen a=57 b=46 c=28
() Forandlipse: findewhen a=93 b=74

(g) Forasector of asphere: find V when d=228 h=3.1

(h) For acuboid: find cwhen V=420 a=38 b=77

Answers CheckOut 8: 226.5 184.3 137.2 113.8
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of the rules and conventions governing the evaluation of formulas

MULTIPLICATIONS HIDDEN IN CONTRACTIONS MUST BE IDENTIFIED

MULTIPLICATION MUST BE DONE BEFORE ADDITION AND SUBTRACTION

© Frank Tapson 2004 [trolMF:14]

SUMMARY

CONTENTS OF BRACKETS MUST BE WORKED OUT FIRST

Remember that brackets always come in pairs.

Sometimesthey are'nested'. That isone or more pairs might be inside another.
In this case, find the innermost pair and work outwards.

For instance something like a(b + 3(c —x)) would need (c —X) to be done, then
multiplied by 3, then b added before, finally, multiplying by a.

LINES NEED TO BE TREATED LIKE BRACKETS

3a?+b requires the top and bottom values to be found separately, and
5c(a—d) thenthetopvaueisdivided by the bottom value.

a+b/c—d meansb + ¢ must be done before working from left to right
(a+b)/c—d means(a + b) must be done before dividing by ¢
(a+b)/(c—d) means(a+ b) must be done before dividing by (c — d)

V requires the expression following (under an attached horizontal line) to be
evaluated as one complete unit before being used by the rest of the formula.

Something like 4a?bxs® represents 4 x axaxbXxxXXsxsxs
and 7a(p + g)(x —2y) isshorthand for 7 xax (p+ Q) x (Xx—2 xy)

and so also must division if any remains after al the above items have been
cleared away.

In some (older) formulas an ‘of” might be found. Replace it with x

WORK FROM LEFT TO RIGHT UNLESS TOLD OTHERWISE
Thiswill only apply when all
» brackets have been removed, and replaced by the value of their contents,
 lines have been dealt with as appropriate,
» contractions have either been written out in full or worked out,

» theoperations left are all of the same priority;
usualy thiswill mean they are all either + and— or xand -+

REGARDLESS of ALL the RULES
When constructing a formula, if there might be any possibility of a
misunderstanding, always put in brackets. Too many is better than too few.
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SG~9
Formulas for Mensuration

Apart from being able to follow the instructions contained in aformula, put in the relevant numbers, and
produce afinal numerical solution, there are two other elements needed in practical work.
1. Find the correct formula. This means linking the descriptive language of

what has to be found and what is given, to the letters (or symbols) by which it
isidentified, and then selecting the formulathat connects those | etters.

2. Use the correct units. Thismeansnot only working with the correct units

intheformula, but also giving the answer in the unitsin which it isrequired.

Example 9: A pyramid hasslant edgesof length 17.3 cm and aperpendicular height of 14.6 cm.

Find thelength of itsbase edge.
Solution

Looking under pyramid wefind'dant edge' isrepresented by s,
‘perpendicular height' by h, and 'base edge' by b.
Itisgood practice when identifying thelettersto writethem downwith their values.
s=173cm h=146cm b=7?
Now weneed aformulagiving b intermsof s and h.

Itis 2% (s* - h*) — noteit could have been written as (2(s” - h*)

Evaluation, using thegiven vaues, produces13.124786 and thefinal answer is:
Thelength of itsbase edgeis13.12 cm (to 2 decimal places)

Example 9a: An oil-drumisinthe shape of acylinder having adiameter of 40 cm and aheight

Exercise 9

(@)

(b)

(©)

(d)

(€)
(f)

@
(h)

()

(k)
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of 127 cm. Calculateits volume and then find how many litresof ail it will hold.
Solution
Following the procedure outlined above, under cylinder wefind that we have
d=40cm, h=127cm, and V=1mixd?xh<+4

thisleadstothefirst answer :

Thevolumeof thecontainer is159 592 cu.cm (160 000 to 3 significant figures)
and, sincethereare 1 000 cu.cminalitre, thefina answer is:

The container will hold 160 litresof ail.

(Give answers to an appropriate degree of accuracy.)

A pyramid has base edges of length 9.4 cm and slant edges of length 12.7 cm.
Finditsperpendicular height.

Wheat isthe volume of atoruswhich has an inside diameter of 15.2 cmand a
cross-sectional diameter of 2.5cm?

Find the volume of acone having abase diameter of 24.3cmand a
perpendicular height of 36.8 cm.

The edges of acuboid are of length 3.2 cm, 5.8 cm, and 10.4 cm.
Find thelength of itsinternal diagonal .

What isthe volume of acubewhose surface areais 86.64 sg.cm?

Find the area of a sector which has been cut from acircleof radius8.5 cm
and hasan angle of 75 degrees.

Thediagonal of asquareis 10 cmlong. What isits edge-length?

A frustum of acone has abase circle diameter of 34 cm, atop circle diameter
of 19 cm, and aperpendicular height of 28 cm. What isitsslant height?

The shapein the preceding question was actually that of abucket.
What isits capacity in gallons?

Calculate the surface area of acube whosevolumeis10.648 cu.cm.



Exercise 10
1.

© © N o gk~ WD

=
N = O

Exercise 11
1.

© © N o gk~ WD

=
N = O
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Formulas for Trigonometry

All of these exercises concern triangles, and the symbol¢/letters used
match those defined on the rel evant pages of A Mathematics Formulary.
(Give all answersto an appropriate degree of accuracy.)
Right-angled Triangle
Givena=3.4cmandb=5.8cm,findc.
Givenb=5.1cmandc=9.3cm, find a.
Givena=4.7cmand A =36°, find c.
Givenb=6.3cmand JA =43°, find a.
Givenc=12.2cmand OJA =51°, find OJB.
Givenc=8.5cmand [IB =62°, find a.
Givenb=9.4cmandc=15.7 cm, find O B.
Givena=7.6 cmand [1B =54°, find b.
Givena=5.9cmandc=14.3cm, findb.
Givenb=4.3cmand A =48°, find c.
Givenb=7.1cmand OB =68°, find c.
Givena=2.8cmandc=3.1cm, find O B.

General Triangle

Givena=6.7cm,b=5.2cm,and ¢c=3.8 cm,

(& finds,

(b) usingthevaluesof a, b, c,and s, findtheareaA,
(c) findtheradiusof theinscribed circle,

(d) findtheradiusof thecircumscribed circle,

(e) findtheradiusof the escribed circledrawn onedgea,
() findthesizeof angleA.

Find theareaof thetrianglewhen a=3.6 cm,b=7.4cm,and c=5.5cm.

Find the area of thetrianglewhen a=18.3 cm, b=15.6 cm,and C = 38°.

Given a=12.4cm, A=47°,and B= 55°, find b.

Given a=15.3cm, b=13.7cm,and C= 49°,find c.
Given a=23.1cm, b=34.5cm,and c=28.6 cm, find A.
Given a=7.26cm, b=9.4cm, and ¢=10.3cm, find C.

Given a=14.8cm, b=12.3cm,and c=11.5cm, find Randr.

Find the area of thetrianglewhen a=5.24 cm,b=6.17 cm, and B = 63°.

Given a=24.3cm, c=37.8cm,and B= 126°, find b.
Given a=8.47cm, ¢c=10.2cm,and C= 137°, find A.
Given a=7.4cm, b=6.1cm,and B= 42°, find A and c.
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SG~11
Formulas for Poly-shapes

Many of the cal culations needed in working with either polygonsor polyhedrons
(but only regular ones) can be handled by means of formulas, but in this case
the formula has to be ‘assembled' first.

Example 12: Find the area of aregular octagon whose edgelengthis5cm.

Solution
Looking under regular polygonswefind 'edgelength’ isrepresented by eand
“area of thepolygon isgiven by A=e? x A-factor”
Thetablefollowing givesthe A-factor for an octagon as4.8284
Sotheareaof theregular octagonis €2 x 4.8284 (usualy written 4.8284e2?)
Inthiscasee=5 andthefinal answer is:
Theareaof theoctagonis120.71 cm?

Example 12a: A regular polygon having 30 edges, each 2.5 cm long, hasto be drawn.

Find theradius of the circumcircle needed to make the drawing.
Solution

Asbefore, wefind theformulaneeded isR= e x C-factor

But the C-factor for 30 edgesisnot giveninthetable.

L ooking below the table we see C-factor =

1 - _ 180°
29ns° and s° = n

Sincen=30 thisleadsto s°=6° andthen 2 x Sin6° =0.2090569
Dividing that into 1 givesaC-factor of 4.7833861
which hasto bemultiplied by esothefina answer is:
Theradiusof thecircumcircleof the30-gonis11.96 cm (to4 sig.figs.)

Exercise 12 (Give answersto an appropriate degree of accuracy) All named shapes areregular.

o a0k~ 0w D PF

10.
11.

12.
13.
14.
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How many edges does a heptagon have?

What istheinterior vertex angle of anonagon?

Givethel-factor for ahexagon.

Calculate the area of a pentagon having 6.5 cm edges.

Find theincircleradius of adodecagon with edges of length 3.7 cm.

Anicosagonisapolygon having 20 edges (it isalso known asa20-gon).
What would be the area of onehaving all its edges of length 3.8 cm?

What isthe V-factor for atetrahedron?

Find the surface area of atetrahedron with an edgelength of 8.5 cm.

Calculate the volume of an octahedron whose edgesare all 6.9 cmin length

A dodecahedron has edges 3.4 cmin length. What will betheradius of itsinsphere?

Anicosahedron has4.6 cm edges.
(d) What isitssurface area?
(b) What istheradius of itscircumsphere?
(c) How much bigger isthe circumsphere (in volume) than theicosahedron?

Comparethe volume of acubewith the volume of itscircumsphere.
Find the perimeter of a decagon whose edges are each 5.8 cm long.
Comparethe perimeter of a 100-gon with the circumference of itscircumcircle.



SG ~ 12
Formulas for Professionals
Sheet SG~12A will be needed to do these exercises.
(Give all answersto an appropriate degree of accuracy.)

Exercise 13

1. Anobserver standing on acliff estimates heisabout 300 feet above sea-level. What
would bethe distance of hisobserved horizonin miles?

2. A mother and child are standing on abeach at thewater’sedge. Their eye-levelsare
1.6 and 1 metrerespectively above sea-level.
L ooking seaward, how many milesfurther can the mother see than the child?

3. Thenavigator on the bridge of aship knowshiseye-level to be17.4 metres above
the sea. How many kilometres away will the navigator’s horizon be?

4. Thenavigator (inthe previous question) can just seethetop of alighthouse over the
horizon. On the chart the lighthouse is marked as having aheight of 34 metres.
How far isthe navigator from thelighthouse?

5. Thewind of ahurricane can blow with aspeed of 35 metres/second (whichisnearly
80 m.p.h). Calculate the pressure generated by such awind.

6. Findtheforce ontheend of ahouse having an areaof 120 m? whenthewind (in the
previous question) isblowing directly onit, given
Force (in newtons) = Pressure (in bars) x Area(inm?) x 100 000

7. Find the power transmitted by ashaft turning at 170 revol utions/minute under atorque
of onemillion newton metres.

8. Analysisof asample of one particular coa produced theseresults:
Carbon 85% Hydrogen 6% Oxygen 5%

Calculatethe (theoretical) calorific value of that coal.
(Note that the percentages do not add up to 100 since other things are present

in the fuel which contribute little, or nothing, to the calorific value.)
9. Cdculatetherate of discharge of water flowing through atriangular notch in aweir
when the height of thewater ismeasured as17.5 mm.

Exercise 14

1. During atest for air-pollution, thetechnician got areading of 1.3 onthereflectometer
while using aclamp size of 25 mm. The volume was estimated to be 150 m3.
What wasthe smoke density?

2. A steel pipeof radius37.5 mm hasawall-thicknessof 6 mm.
What will beitsbursting pressure?
For steel, Young’'smodulusis 210000 MPaand Poisson’sratio is0.29

3. During ahardnesstest on apiece of steel, theload was 1000 kg, the diameter of the
ball was 25.4 mm and the diameter of theindentation was4.25 mm.
What was the hardness of that sample of steel asmeasured on the Brinell scale?

4. Caculatethevaueof K and the expected deflection of an aluminium beam given:
Load is1500 newtons;  Modulusof easticity is70000 newtonsmm?;
Lengthis5000 mm; Moment of inertiais520 000 mm?; ais0.1

5. Anair-compressor hasadischarge pressure of 40 barsand ispumping to areceiver
whose pressureis 8 bars. For those conditions, C= 0.03 andb= 0.01
Find the expected massflow rate.
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Formulas for Professionals

Distance of Observed Horizon

m = height (of eye) of observer in metres
f = height (of eye) of observer in feet

K = distance to horizon in kilometres

M = distanceto horizon in miles

K = 3.56959./m K = 1.97073./f
M = 2.21804./m M = 1.22455.[f

Discharge through a Triangular Notch

To measure the flow of water whenitisrunning
through atriangular notch cut in aweir.

discharge rate in litres/minute

height of water above bottom of notch in mm

Flow Rate through a Pipe

d = diameter of pipein mm
V = velocity of flow in metres/sec
F = rate of flow in litres/minute
= 15Vrd?
1000

Specific Energy of a Fuel
Alsoknown as Calorific Value

C = % Carbon content

H = % Hydrogen content

O = % Oxygen content

S = Specific Energy in kilojoules/kilogram
S=324C + 1442(H —(—8)

Power transmitted by a Shaft

T = Torque in newton metres
R = Rate of turn in revs/minute
P = Power in watts
TR
P= 22370

Wind Pressure

V = Veocity of wind in metres/sec
P = Pressurein bars
P=0.0016609V?

Hardness of Material

load in kilograms

Diameter of ball inmm

diameter of indentationin mm
Hardness measured on the Brinell scale

— P
H =
P (oot -a)

IO
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Pendulum

L Length of penduluminmm
g = gravitational accelerationin mm/sec?
T = Time of one swing in seconds

_ L _gT?
T=n|t -
"\g L=

Aerodynamics

Surface area under test in m?2
Cross-sectiona areaof wind tunnel in m?2
Coefficient of lift
Coefficient of drag
_sc?
G = 8C

-

O0O0Owm
I T

w)

Air Pollution

S = Smoke density in pg/ m?3 (micrograms/ m?)
R = Reflectometer reading
C =Clampsizeinmm
V =Volumeof airinm?
S=1.39C(91672 —3332R +49.62R?
—0.3533R%+ 0.000986R*) +V

Bursting Pressure of a Cylindrical Pipe

p = pressureto burst pipein MPa (megapascals)
E =Young's modulusfor material of pipein M Pa
U = Poisson’sratio for material of pipe
R = Radiusof pipeinmm
t =thicknessof pipeinmm
p= Et®
4(1- )R

Deflection of a Beam

d = deflection (maximum) of beamin mm

W= Load on beam in newtons

Modulus of elasticity of beam in newtons/ mm?
Moment of inertia of beam-sectionin mm#
Length between supportsin mm

Fraction of length of beam not |oaded

5-24a% + 16a*

___ WLK
584El (1-2a)

X9 Tm

Compressed Air Flow

M = Mass flow in kg/sec

P,= Pressure of dischargein bars

P, = Pressure in receiver in bars (P, > P,)
C = Constant determined from experiments
b = value taken from appropriate tables

" :POC\/l_DPl/PO—b[f
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Formulary Cross Puzzle

The grid isto befilled in, using the clues
provided below, with the value of ? which
has to be found.

Clues are provided in the briefest
possible form and, where letters/symbols
are given, they are the same as those in
the Mathematics Formulary.

Where necessary, answers have to be
truncated (with correct rounding) to fit
the grid.

Unnecessary zeros are not written.
For example: 0.46 is entered as .46

A decimal point occupiesasingle cell.

One entry has been made.

Across

1. Square: edge=2.8 20. Segment of acircle:
Area=7? r=47.7 s=86 A=?

5. Oblong: area=450 21. Cube Volume=4.7
a=36 b=? S=?

8. Cube S=37 22. Tetrahedron:
Volume="? V-factor=?

9. Cylinder: C=14.8 24. Ellipse a=4.5
r=7 Volume=? b=34 A=?

11. Fs =7 25. Segment of acircle:
r=27 h=8 c¢c=7?

14. Cuboid: a=16.3 26. Cy=?
b=215 ¢=334 d=?

15. Sphere: r=0.4 28. Cone 1=77
Volume="? h=51 r=?

17. Torus: D=8.2 30. 4486 miles=?km
d=5 S=?

18. Sector of acircle: 32. Pyramid: b=4.7
A=102 1=12 r=7? =5 h="?

19. Barrd: h=12.7 33. 99-gon: C-factor="?

D=108 d=72 V=?
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10.

12.

13.

Down

Circle; area=430 14.
Circumference="?

Sphere: d=5.36 16.
Volume="?

Ellipse: a=30.47 18.
e=0.75 d="?

Cube V=12246 23.
e="?

Cone: d=20.8 25.
h=11.7 Volume=?

Pyramid: b=13 26.
s=27 h="?

1 radian = ? degrees 27.
e="? 29.

569270 MW =?GW 30.

Dodecahedron: e=32.289 31.

surfacearea= ?

Sphere: V=57364
d=7

Frustum of cone: d=126
D=276 h=308 [=?

ESE by S=?degrees

26%="?

mT="? v

Torus. D=4.06
d=0.605 V=2

Segment of acircle:
s=53.7 r=82.61
h="?
Segment of asphere:
h=194 d=15.8
V=2
165°F= ?°C

Frustum of apyramid:
A=73 B=9.9
h=8.75 V=?



SG~14

Prime Numbers

If thenatural numbers(Z, 2, 3,4,5, ..... ) arewritten out in order and every prime number isthen
marked in someway, perhapslikethis
1234567891011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28
itissoon clear that they arevery unevenly scattered, and thiscan be confirmed by looking at thetables
on pages 30to 33. Thisobservation leadsto all sortsof questionsand conjectures, and some starting
pointsare suggested here.

1. Whatisthelargest gap to befound between two consecutive prime numbersup to 3607
2. Whatisthelargest gap to befound between two consecutive prime numbersup to 70007

3. Christian Goldbach (1690-1764) conjectured that every even number (greater than 2)
can be written asthe sum of two prime numbers. For example 26 = 3+ 23.
Show that thisistruefor the even numbersfrom 10to 30.
Notethat this conjecture hasnot yet been proved to betruefor all even numbers.

4. Another conjectureisthat all prime numbersgreater than 3 areeither 1 1ess, or 1 more,
thanamultiple of 6. For example: 17=18—1and 19=18+1.
Show that thisistruefor all the prime numbersup to 100.
Doesit thenfollow, that any multiple of 6 must have aprimenumber either precedingit or
followingit?

5. Every even number can bewritten asthe difference of two primesin morethan oneway.
For example: 4=11-7 or 17—3 or 23-19 and soon.
Using only thefirst 25 primes(that isall thoselessthan 100) —
Find dl thewaysof writing 4 asthedifference of two primes.
How many waysarethereof writing 6 asthedifference of two primes?
What isthe smallest even number that cannot bewritten under theserules?

6. Theprimenumbers107, 113, 149, are of someinterest since, even whenwrittenin
reverseorder, 701, 311, 941, they aretill primenumbers. Thesearereversible primes.
Find some other reversible primes.

7. Thesetof digitsl, 1, and 3, areof interestin relation to prime numbers because, no
matter inwhat order they arewritten 113, 131, or 311, they areawaysprime.
Find someother setsof digitswith that property.

8. What isthenext prime number after 6997 ?

Thesmallest primenumberis2
Thelargest known prime number

(inNovember 2003) is
213 466 917 1

Wirittenout infull it would be
4 053 946
digitslong.
Make an estimate of how muchtime
itwould taketowriteit outinfull,
or how much spaceit would need.
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Fibonacci Numbers

1. Consider three consecutive Fibonacci numbers,say ... 3 5 8 ...
Weseethat 3x 8 (first timesthelast) isequal to 52— 1 (middle squared take 1)
Isthisalwaystrue? What about another threesay,... 5 8 13 ...
Now wehave 5x 13=82+1 andthesignisdifferent.
What about other setsof three? Arethereany rulesthat cover thevariouspossibilities?

2. Consider four consecutive Fibonacci numbers,say ... 3 5 8 13 ...
Weseethat 5x8 — 3x13 =1
Isthat dwaystruefor setsof four consecutive Fibonacci numbers?

3. Taketwo consecutive Fibonacci numbers,say ... 5 8 ...
and notethat 52 + 82 = 89 which isalso aFibonacci number.
What isthe connection between 5, 8, and 897

4. Writing O foroddand E for even, the Fibonacci sequence starts off
OOEOOE...
Doesit continuelikethat? If so, why?
Will the 958th number be odd or even?

5. Lookingat only thelast digitsof the Fibonacci numbersweread
1123583145943 7077...
How long isit before apattern becomes apparent and the cycleisrepeated?
Isthereany patterninthefir & digits?

6. Which of the Fibonacci numbersaredivisibleby 5?
andwhich by 2?
andwhich by 3?
andwhich by 4?

7. Takethefirst four numbersof the Fibonacci sequenceand add them. Thetotal is 7
For thefirst fivenumbersitis 12
For thefirst sx numbersitis 20
For thefirst seven numbersitis 33
What isthe connection between the amount of numbers being added, and thetotal ?
Then, what will bethetota of thefirst fifty numbers?

8. Start withthefirst number of the Fibonacci sequence, take every other number and list
them to make anew sequencelikethis
1 25 13 34 8 233 610 ...
Now, add thefirst three, thefirst four, thefirst five, and so on.
Theanswersareall Fibonacci numbers, but which ones?
Start with the second number and take every other number, what happensthen?

9. Chooseany two consecutive numbers of the Fibonacci sequence and dividethelarger
oneof thetwo by thesmaller. Dothisfor several different pairsstartingwith 3+ 2
Canany conclusionsbedrawn from theresults?

10. Chooseany Fibonacci number (other than 1), then find asecond Fibonacci number into
whichthefirst will divideexactly. Find arulethat linksthetwo numbers.
List at least three other Fibonacci numbersinto which the Fibonacci number nearest to
haf-amillion goesexactly.

© Frank Tapson 2004 [trolMF:22]



SG ~ 16
The Power of 2

1. Thereisanold story that the person who invented chess asked to berewarded with agift
of corn, and that the quantity of corn wasto be decided by using the 64 squares of the
chess-boarditsdlf, inthisway:

1 grainforthe 1stsquare

2 grainsforthe 2nd square

4 grainsforthe 3rd square

8 grainsforthe 4th square

16 grainsforthe 5th square
andsoon...
So, smply doubling the quantity to be given for each square meansthat, by the 5th square,
thereward would havetotalled 31 grainsof corn. That’snot many sofar, but thereistill
alongway togoto cover all 64 squares.
Exactly how many grainsof corn wastheinventor askingfor?

2. A pieceof paperistornin haf and one pieceisplaced ontop of the other to makeasmall
pile. Thispile(of 2 sheets) isthentornin half andtheresultsof that tearing areplacedin
anew pile.

Thisiscontinued, tearing each pilein half and making anew pilewithal thepieces, until a
total of 50 ‘tearings have been done. Assuming 100 sheetsof the paper have athickness
of 10mm (or 1cm) ...

... what will bethe height of thefinal pile?

3. Kimhasasecret. Kim sharesthis secret with two friends. Each of these sharesKim’'s
secret with another two friendswho each shareit with another two friends, and so on.
Assuming that thispatternis continued, that each sharing takes one hour to happen, and
that no onereceivesthe secret twice ...

... howlongwill it bebeforetheentireworld knowsKim’ssecret?
(Assume the population of the world to be about 6.5 billion.)

4. Accesstoatablegiving exact valuesof 2" allowsusto do accurate multiplication very

quickly. It isbased upon one of thelaws of indiceswhich statesthat

am X an = am+n
Supposewewishtowork out 2048 x 65536
Referenceto atableof 2" allowsthisto bere-writtenas

211 x 216

Thelaw quoted abovethen givesthe answer as

211 +16 or 2 27
which the sametableshowstobe 134217728

Find theexact val ues of
(a) 8388608 x 134217 728 (b) 1073741824 x 549755813888
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Numbers and their Digits

1. Thelast digit of any number can obvioudy beanything from 0to 9. But whenwelook at
thelast digitsof thedifferent powersof N we can noticetwo things. Oneistheregul arity of
theorder inwhichthevariousdigitsappear, and the other isthat somedigitsdo not appear
aal.

Whichfour digitsnever appear at theend of N2 ?

What power of N hasonly four possibilitiesfor itslast digit?

For which power of N doesthelast digit match that of N itself ?

If thelast digit of N2is3, what do you know about thelast digit of N ?

2. Thedigital root of apositivewhole number isfound by adding together all itsdigitsto
make anew number, then adding the digits of that, and so on, until only asingledigit
remains. That singledigitisknown asthedigital root of the number.

Example: 8579 - 8+5+7+9=29 - 2+9=11 - 1+1=2
Sothedigita root of 8579is2
Notethat thedigital root will waysbeasingledigitfrom1to9

Listthedigital rootsof N2 for variousvaluesof N, continuingthelist until a
clear pattern can be seen.

Dothesamefor N* and then work out thedigital root of 1374

Find apower of Nwhich hasadigital root of 6

3. Investigate the sequence of remainderswhen N2 isdivided by 8.

4. IsN®-Nawaysexactly divisibleby 3?
Investigateasimilar possibility for N®>~Nand N7 —N.

5. Looking at atableof factorialswe seethat from 5! onwardsthey all endin zero. More

thanthat, the number of zerosat theend issteadily increasing so that 40! endsin 9 zeros.
At theend of 100! how many zer osmust therebe?
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Factors

A factor isanumber which dividesexactly into another number.
(Note here we are only talking about whole numbers.)
Examples. 1isafactor of 5 3isafactor of 6 4 isafactor of 12
7 isafactor of 7 2 and 17 arefactors of 68 andsoon...
Every number (with the exception of 1) must have at |east two factors: 1 and the number itsalf.

Thisleadstothedefinitionof aprimenumber being
anumber which hastwo, and only two, factors.

Mathematicianshavedwaysbeen interested in numbersand their factorisation, and part of thisinterest
has been concerned with how many factorstherearein any number. For instance, herearethe numbers
20 t0 40 and undernesath each isthe number of factorseach one has:
20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
6 4 4 2 8 3 4 4 6 2 8 2 6 4 4 4 7 2 4 4 8
We know what it means when a number has only two factors but,
noticing that nearly al the numbers have an even number of factors,
what doesit mean when anumber hasan odd number of factors?

A primefactor isafactor whichisitsalf prime.

Example: 1,2,3,4,6,12 areadl factorsof 12
but the only primefactorsof 12 are2 and 3
Thereisconsiderableinterest in primefactorisation sinceit showsjust how anumber ismade up.

For instance, knowingthat 12 =2 x 2 x 3 (usually written 22 x 3) showsthat

both4 (=2 x 2) and 6 (= 2 x 3) must befactors of 12 and that,

together with 1, 12 and 2, 3, there can be no other factorsof 12

Inshort, 12 has 3 primefactorsbut 6 factorsintotal.
(Trivia with small numbers, but avery important tool whenworking withlarge numbers.)

S0, isthere any connection between how many primefactorsare needed to make anumber, and how
many factorsthat number hasatogether?
Forinstance, 30 has3 primefactors(2 x 3 x 5) and 8factorsintotal.
40 has4 primefactors (2 x 2 x 2 x 5) and 8factorsintotal.

How many factors, intotal, will each of these numbershave?
1. 79235 (=5 x 13 x 23 x 53) 2. 24156 (= 22 x 32 x 11 x 61)
3. 3960 (= 23 x 32 x 5 x 11) 4. 2592 (= 25 x 3%)

Work out, andlistin sizeorder (smallest to largest), all thefactorsfor each.
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